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Chapter 1
Zusammenfassung
Aufgabe der theoretishen Hadronenspektroskopie ist es, Eigenshaften von
mesonishen und baryonishen Resonanzen, wie zum Beispiel Massen und
Partialbreiten, zu berehnen. Ein mögliher Weg hierzu ist das Quark-
Modell, in dem Grundzustand und Anregungszustände von Systemen aus
Quarks und Antiquarks (und Gluonen) berehnet werden.
Ziel dieser Arbeit ist es, einen Teil des mesonishen Spektrums genauer zu
untersuhen. Der hier verwendete Ansatz ist niht das Quarkmodell. Als
Freiheitsgrade werden niht Quarks und Gluonen verwendet, sondern die
Mesonen selbst. Ziel ist es, die Amplitude für die Streuung der leihtesten
pseudoskalaren Mesonen, der SU(3) Goldstone Bosonen (π, K, η), an den
Vektormesonen ρ, K∗ und ω niht-perturbativ zu berehnen. Resonanzen
manifestieren sih als Pole in der Streuamplitude.
Ein Formalismus, der shon mehrfah eingesetzt wurde, um die Streuam-
plitude niht-perturbativ zu berehnen ist das Lösen einer partialwellen-
projezierten Bethe-Salpeter-Gleihung. Hierzu wird die Streuamplitude zuerst
in Störungstheorie berehnet, anshliessend partialwellen-projeziert und als
Kern für eine Bethe-Salpeter-Gleihung verwendet. Als Modell für die Weh-
selwirkung wurde typisherweise der hirale Lagrangian in führender Ord-
nung verwendet. Meist wurde nur s-Wellen Streuung betrahtet. Die Be-
handlung der Energieabhängigkeit einer Wehselwirkung, die s−, t− und
u−Kanal Austaushprozesse beinhaltet, ist shwierig.
In dieser Arbeit wird ein Formalismus verwendet, der niht die Bethe-Salpeter-
Gleihung benutzt, sondern auf einer niht-linearen Integralgleihung basiert.
Lösungen dieser Gleihung sind kausal und analytish. Der Input in diese
Gleihung ist ein vorbehandeltes Potential. Um dieses zu erhalten sind
mehrere Shritte nötig. Eine Lagrange-Dihte, die mit einer Kombination aus
hiralen und Large-Nc Argumenten aufgestellt wurde, wird aus einer früheren
Arbeit übernommen und verwendet, um die Streuamplitude in Störungs-
theorie zu berehnen. Enthalten sind neben der führenden hiralen Ord-
nung sowohl Gegenterme als auh pseudoskalare und vektorielle Austaush-
prozesse. Das Ergebnis wird partialwellen-projeziert und  unter Ausnutzung
seiner analytishen Eigenshaften  zu höheren Energien extrapoliert. In
5
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dieser Form kann das Potential nun verwendet werden, um die volle Streuam-
plitude zu berehnen.
In einem ersten Shritt geshieht das für ein Potential, in dem nur die
Weinberg-Tomozawa-Wehselwirkung berüksihtigt wird. Dies erlaubt einen
Vergleih mit früheren Ergebnissen, bei denen das gleihe System mit Hilfe
der Bethe-Salpeter-Gleihung untersuht wurde. Im nähsten Shritt wird
die vollständigeWehselwirkung verwendet, um das b1(1235) und dasK1(1270)
genauer zu betrahten. Das Potential enthält noh zwei unbekannte Kop-
plungskonstanten, die an das experimentelle Spektrum angepasst werden
können. Die hierbei erhaltenen Werte sind zwar konsistent mit früheren
Rehnungen, jedoh untersheiden sie sih signikant für die beiden Reso-
nanzen. Dies wird als eine Konsequenz der Abwesenheit von pseudoskalaren
Austaushprozessen interpretiert.
Wegen tehnisher Probleme wurden diese in der nalen Rehnung wegge-
lassen. Das ist auh der Grund, warum weitere relevante Grössen, wie zum
Beispiel das D/S Verhältnis der Zerfälle der betrahteten Resonanzen, niht
genauer untersuht wurden. Die Ursahen des tehnishen Problems werden
erläutert und ein mögliher Lösungsweg diskutiert. Interessant für weitere
Arbeiten ist zum einen der Einuss dieser Prozesse auf das Spektrum. Zum
anderen können mit den in dieser Arbeit verwendeten Methoden auh Vektor-
Vektor- und Pseudoskalar-Pseudoskalar Kanäle in das Modell mit einbezogen
werden. Dadurh würde die Behandlung von Resonanzen mit höheren Spins
interessant.
Chapter 2
Introdution
The aepted theory of the strong interation is QCD. It desribes the ou-
pling of the six known quarks, three of whih are light, and the gluons. This
interation is based on the gauge group SU(3) that ouples to an internal
quantum number alled olor. Sine this gauge group is non-Abelian, the
gluons an interat with themselves. Another remarkable feature of QCD is
that the renormalized oupling onstant is large at low energies. This invali-
dates standard perturbation theory. A perturbative expansion is meaningful
only at high energies.
Although the details are not ompletely understood yet, this leads to an
interesting eet at low energies: onnement. Color-neutral partiles are
the only hadrons observed in nature. These are divided into the bosoni
mesons and fermioni baryons. The alulation of the properties of these
omposite partiles, mass and partial deay widths, is the task of theoretial
hadron spetrosopy. A traditional way to do so is to model for example a
meson as a bound quark-antiquark state [1, 2, 3℄.
The approah followed in this thesis is based on a dierent idea: at low
energies an expansion of quark interations in powers of the QCD oupling
onstant is impossible. The relevant degrees of freedom at these energies are
the baryons and mesons and not quarks and gluons. Hadroni resonanes
manifest themselves as poles in sattering amplitudes. The ansatz used here
is to alulate these sattering amplitudes with baryons and mesons as the
relevant degrees of freedom.
Beause of spontaneous hiral symmetry breaking the interation of the light-
est hadrons  the avor SU(3) multiplet ontaining the pion, also alled
pseudo-Goldstone Bosons  with any other hadron an be expanded in pow-
ers of small momenta and the small quark masses. At leading order, this
interation depends exlusively on a single parameter, the pion deay on-
stant fpi. To alulate non-perturbative eets like bound states or reso-
nanes from this leading order interation, an innite summation is needed.
In previous works this was provided by the Bethe-Salpeter-Equation (BSE).
S-wave bound states of the Goldstone Bosons with a variety of other hadrons
have been alulated within this formalism. In [4, 5, 6℄ the sattering ampli-
7
8 CHAPTER 2. INTRODUCTION
tude of the Goldstone Bosons with the SU(3)-multiplet inluding the nuleon
has been alulated. In [7, 8℄ the Goldstone Bosons were sattered o the
harmed sextet ontaining the Σc and the anti-triplet ontaining the Λc. The
works [9, 10, 11℄ onsidered the interation of the baryon resonanes with
spin and parity 3/2+, the multiplets ontaining the ∆ and the Σ∗c . The in-
teration of the Goldstone bosons with the lightest vetor mesons (ρ, K∗, φ
and ω) were subjet of [15, 16℄. Charmed mesons were studied in [12, 13, 14℄
and together with hidden harm in [17℄.
In summary one an say that the framework used works extremely well when-
ever the Goldstone Bosons are interating with spin 0 or spin 1/2 partiles.
In the ase of spin 1 or 3/2 partiles the agreement is more shemati. The
problem is that for example in π∆ sattering the ρN hannel is ignored even
so it is not muh heavier. A more realisti model needs to onsider take ad-
ditional hannels, together with a more elaborate interation that inludes s,
t and u-hannel exhange proesses. Suh additional terms in the interation
will lead to a more ompliated analyti struture of the interation kernel.
A dierent sheme is neessary to unitarize the tree-level sattering ampli-
tudes. This sheme is provided in [18℄. In that work the sattering of the
nuleon otet o the light pseudosalar and vetor mesons is studied. Non-
linear integral equations that are based on ausal and unitarity properties of
the sattering amplitude are employed to unitarize the sattering kernel.
In this thesis this sheme will be used to examine resonanes in the satter-
ing of the light pseudosalar (P) and vetor (V) mesons. This allows for a
more realisti interation than in [15℄. Also the d-wave amplitude will be
alulated, making additional observables like the D/S ratio for the b1(1235)
aessible. The inlusion of additional hannels (PP or VV) is beyond the
sope of this work, but a desirable next step.
This work is organized as follows: in the subsequent setion the tree-level
amplitude for the interation of a light pseudosalar meson with a vetor
meson (PV→PV) will be alulated and partial-wave projeted. The inter-
ation Lagrangian is taken from [19℄ where it was onstruted using hiral
and large Nc arguments.
In the third hapter the resulting potential will be modied suh that it an
be used as an input for the non-linear integral equations on whih this ap-
proah is based. Several tehnial problems an our in that proess and
will be disussed in detail. The methods to solve the dispersion relations
for the full sattering amplitude are summarized in the following hapter.
Finally the results will be presented. A short summary and outlook onlude
this thesis.
Chapter 3
The tree-level sattering
amplitude
The goal of this thesis is to alulate non-perturbative eets in the amplitude
for sattering the lightest avor-otet of pseudosalar (P) mesons o the
lightest avor-nonet of vetor (V) mesons. The rst step is to alulate the
tree level amplitude for this proess. For this purpose an eetive eld theory
for the interation is needed. This will be taken from [19℄ where the same
proess was studied in the presene of photons.
3.1 Introdution: QCD and Eetive Theories
In the simplest quark model, a meson onsists of a quark and an anti-quark,
bound primarily by the strong interation. Aording to quantum hromo-
dynamis (QCD), the modern theory of the strong interation, the dynamis
of quarks and gluons follows from the Lagrangian density
L = ψ¯(iD/−M)ψ − 1
4
GaµνG
µν
a , (3.1)
with the gauge-ovariant derivative
Dµ = ∂µ + i gsλ
aGµa , (3.2)
where the λ's are the Gell-Mann matries and gs is the strong oupling on-
stant. The quark eld ψ impliitly arries two indies, avor and olor.
3.1.1 Color
Color is the basi quantum number to whih the gauge bosons, the gluonsGµa ,
ouple. This is analogous to the photons whih ouple to the eletri harge
in Quantum eletrodynamis. In ontrast to QED, the quantum number
olor of the quark an take three dierent values; the symmetry group is not
9
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U(1) but SU(3). This is also the reason why there is an additional, quadrati
ontribution to the gluoni eld strength tensor,
Gaµν = ∂µG
a
ν − ∂νGaµ + gsfabcGbµGcν , a = 1 , . . . , 8 , (3.3)
where fabc are the SU(3) struture onstants. In equ. (3.1) this last term
gives rise to gluoni self-interations.
The strong oupling onstant gs renormalized at high energies is small and
a perturbative expansion is possible. For dereasing energy the oupling
onstant grows and perturbation theory breaks down. These two related
eets, the self-interation of the gluons and the large oupling onstant at
small energies lead to interesting phenomena. One of these is onnement:
only olor-neutral partiles like mesons or baryons are observed in nature.
Currently the Lagrangian (3.1) annot be used diretly to alulate bound
states of quarks and gluons. Other methods have to be employed. One suh
method is Lattie gauge theory, whih uses extensive numerial simulations.
Another method is to onsider the limit when Nc, the number of olors
approahes innity. In this speial ase some physial problems beome easier
to solve. The hope is that these relations still hold for the physial value
Nc = 3. Higher order orretions should be suppressed by powers of 1/Nc.
This onept was rst introdued to QCD by t' Hooft [20℄. An introdution
to large Nc QCD an be found in [21℄.
In this work, an interation will be used that relies on large Nc QCD and
another symmetry of the Lagrangian (3.1), avor symmetry.
3.1.2 Flavor
Six dierent kinds of quarks or quark avors are known. Three of them
have masses of less than 1 GeV and will be onsidered in this work: the
up, down and strange quark. The matrix M in the Lagrangian (3.1) on-
tains the masses of these quarks. If the three quarks were massless, the
QCD Lagrangian would be invariant under a transformation that mixes the
quarks of dierent avor. This would hold for both heliities of the quark
separately and the Lagrangian density would have a SU(3)×SU(3) symmetry
1
. This symmetry is broken in two ways. On the one hand the small but
non-vanishing masses of the quarks break the symmetry expliitly. On the
other hand this approximate symmetry SU(3)×SU(3) is spontaneously bro-
ken to SU(3), as an be seen for example in the partile spetrum whih only
has the latter approximate symmetry. The theory of spontaneous symmetry
breaking (as explained for example in [22℄) laims that for every generator of
an approximate global symmetry that is spontaneously broken, the spetrum
must ontain one approximately massless salar partile with the quantum
numbers of the generator. In the ase at hand, these Goldstone bosons (GB)
1
Atually the symmetry group would be even larger, U(3)×U(3); the U(1) part adds
further ompliations and will not be needed here.
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are the lightest pseudosalar mesons, the pion, the kaon and the eta. Fur-
thermore at low energies an eetive eld theory an be used in whih the
GBs are the relevant degrees of freedom. This orresponds to an expansion
in powers of small momenta and quark masses. In this hiral expansion, all
terms that are onsistent with the fundamental symmetries of the model,
have to be onsidered. Power ounting rules dene an ordering sheme [23℄.
The zeroth order in this expansion vanishes.
3.2 The interation
In [19℄, a ombination of largeNc arguments and a hiral expansion to leading
orders resulted in the following interation density:
L = f 2 tr
{
Uµ U †µ
}
− 1
4
tr
{
(Dµ Vµα) (Dν V
να)
}
+
1
8
m21− tr
{
V µν Vµν
}
+ i
mV hV
4
tr
{
Vαµ V
µν V αν
}
+ i
h˜V
4mV
tr
{
(DαVαµ)V
µν (DβVβν)
}
+ i
hA
8
ǫµναβ tr
{(
Vµν (D
τVτα) + (D
τVτα)Vµν
)
Uβ
}
+ i
mV hP
2
tr
{
Uµ V
µν Uν
}
+
1
4
gD tr
{
V µν [Vµν , Uα]+ U
α
}
+
1
4
gF tr
{
V µν [Vµν , Uα]− U
α
}
+
1
8
bD tr
{
V µν Vµν χ+
}
+ i
bA
8
ǫµναβ tr
{[
Vµν , Vαβ
]
+
χ−
}
, (3.4)
where the elds have the following partile ontent:
Vµν =


ρ0µν + ωµν
√
2 ρ+µν
√
2K+µν√
2 ρ−µν −ρ0µν + ωµν
√
2K0µν√
2K−µν
√
2 K¯0µν
√
2φµν

 ,
Φ =


π0 + 1√
3
η
√
2π+
√
2K+√
2 π− −π0 + 1√
3
η
√
2K0√
2K−
√
2 K¯0 − 2√
3
η

 . (3.5)
The anti-symmetri tensor ǫµναβ is given by
ǫµναβ =


+1 if µ, ν, α, β is an even permutation of 0, 1, 2, 3
−1 if µ, ν, α, β is an odd permutation of 0, 1, 2, 3 ,
0 otherwise
ǫµναβ = −ǫµναβ . (3.6)
The vetor meson was represented by an anti-symmetri Lorentz tensor. This
work will follow that onvention. The isospin-averaged masses
mpi = 138MeV, mK = 496MeV, mη = 547MeV,
mρ = 770MeV, mK∗ = 894MeV, mω = 783MeV, mφ = 1019MeV,
(3.7)
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will be used.
The other elds in the Lagrangian (3.4) are dened by
Γµ =
1
2
(
u†∂µu+ u∂µu
†) , u = exp
(
iΦ
2 f
)
,
Uµ =
1
2
u†
(
∂µe
iΦ
f
)
u† =
i ∂µΦ
2 f
+ O(Φ2) ,
DµVαβ = ∂µVαβ + [Γµ, Vαβ] = ∂µVαβ +
1
8 f 2
[[Φ, ∂µΦ], Vαβ ] + O(Φ
3) ,
χ+ =
1
2
uχ0u+
1
2
u†χ0u
† = χ0 − 1
8 f 2
{{χ0,Φ} ,Φ}+ O(Φ3) ,
χ− =
1
2
uχ0u− 1
2
u†χ0u
† =
i
2 f
{Φ, χ0}+ O(Φ3) ,
χ0 =


m2pi 0 0
0 m2pi 0
0 0 2m2K −m2pi

 , (3.8)
whih guarantees an interation in agreement with the onstraints from hiral
symmetry, see e.g. [24, 23℄.
Most oupling onstants in the Lagrangian (3.4) were already derived in [19℄.
The mass splitting within the vetor meson multiplet leads to an estimate
of bD = 0.92± 0.05 . hP was alulated from the vetor meson deays ρ →
ππ, φ → K¯ K and K∗ → πK as hP = 0.29 ± 0.03. The values hV and h˜V
were estimated from the magneti moment and the quadrupole moment of
the vetor mesons. Finally the radiative deays K∗± → K±γ, K∗0 → K0γ and
φ → η γ led to the values for hA and bA. In this work the following values
will be used:
hP = 0.29 , hA = 2.10 , bA = 0.27 , mV = 776MeV ,
hV = 0.45 , h˜V = 3.72 , bD = 0.92 , fpi = 90MeV .
(3.9)
The other onstants gD and gF will be used to t the results to the measured
spetrum.
At leading order the interation (3.4) results in a total of 16 diagrams that
ontribute: four ontat interations, a pseudosalar s- and u-hannel ex-
hange and a total of ten vetor exhange proesses. A straight-forward
alulation of the tree level sattering amplitude leads to
T µ¯ν¯,µνtree (q¯, p¯; q, p) = −
CWT
4 f 2pi
gν¯ν (pµ(q + q¯)µ¯ + p¯µ¯(q + q¯)µ)
− 1
16 f 2
gµ¯µ gν¯ν
{(
CD gD + CF gF
)
(q · q¯) + Cχ bD
}
− ∑
x∈[8]
C
(x)
s−ch
(
mV hP
2 f 2
)2
p¯µ¯ q¯ν¯ Sx(p+ q) p
µ qν
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− ∑
x∈[8]
C
(x)
u−ch
(
mV hP
2 f 2
)2
p¯µ¯ qν¯ Sx(p− q¯) pµ q¯ν
− ∑
x∈[9]
C
(11,x)
s−ch
h2A
16 f 2
Γµ¯ν¯
α¯β¯
(p¯, q¯)Sα¯β¯,αβx (p+ q) Γ
µν
αβ(p, q)
− ∑
x∈[9]
hA bA
8 f 2
{
C
(12,x)
s−ch Γ
µ¯ν¯
α¯β¯
(p¯, q¯)Sα¯β¯,αβx (p+ q) ǫ
µν
αβ
+C
(21,x)
s−ch ǫ
µ¯ν¯
α¯β¯
Sα¯β¯,αβx (p+ q) Γ
µν
αβ(p, q)
}
− ∑
x∈[9]
C
(22,x)
s−ch
b2A
4 f 2
ǫµ¯ν¯
α¯β¯
Sα¯β¯,αβx (p+ q) ǫ
µν
αβ
− ∑
x∈[9]
C
(11,x)
u−ch
h2A
16 f 2
Γµ¯ν¯
α¯β¯
(p¯,−q)Sα¯β¯,αβx (p− q¯) Γµναβ(p,−q¯)
− ∑
x∈[9]
hA bA
8 f 2
{
C
(12,x)
u−ch Γ
µ¯ν¯
α¯β¯
(p¯,−q)Sα¯β¯,αβx (p− q¯) ǫµναβ
+C
(21,x)
u−ch ǫ
µ¯ν¯
α¯β¯
Sα¯β¯,αβx (p− q¯) Γµναβ(p,−q¯)
}
− ∑
x∈[9]
C
(22,x)
u−ch
b2A
4 f 2
ǫµ¯ν¯
α¯β¯
Sα¯β¯,αβx (p− q¯) ǫµναβ
+
∑
x∈[9]
C
(x)
t−ch
hP
2 f 2
q¯α¯ qβ¯ S
α¯β¯,αβ
a (q¯ − q)
{
3m2V hV g
µ¯
α g
µ
β g
ν¯ν
+ h˜V
[
gν¯α g
ν
β p¯
µ¯ pµ + gν¯β g
µ¯ν pµ (p− p¯)α − gν¯ν gµβ (p− p¯)α p¯µ¯
]}
,
Γµναβ(p, q) = q
γ (p+ q)α ε
µν
βγ + q
γ pµ ε να βγ . (3.10)
Some omments about the notation are in order: p and p¯ are the inoming
and outgoing vetor meson momenta while q and q¯ are the momenta of the
pseudosalar mesons. The total momentum is w = p + q = p¯ + q¯. The
summation index x runs over the exhanged partiles, either the otet of
Goldstone Bosons or the nonet of vetor mesons. The propagators are given
by
Sx(p) =
1
p2 −m2x + i ǫ
,
Sµν,αβx (p) = −
1
m2x
1
p2 −m2x + i ǫ
[
(m2x − p2) gµα gνβ
+ gµα pν pβ − gµβ pν pα − (µ↔ ν)
]
. (3.11)
A list with all oupled hannels onsidered in this work is given in table
3.1. The prefators C in equ. (3.10) follow from the group struture of
the interation and detail the strength of the interation among the oupled
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(0, 2) (1, 2) (1
2
, 1)
( i√
2
Ktµν σ2 K) (
i√
2
Ktµν σ2 ~σK)
( 1√
3
π · σKµν)
( 1√
3
ρµν · σK)
(ωµνK)
(η Kµν)
(φµν K)
(3
2
, 1) (0+, 0) (0−, 0)
(π · T Kµν)
(ρµν · T K)
1
2
(K¯ Kµν − K¯µνK)
( 1√
3
ρµν · π)
(ωµν η)
1
2
(K¯ Kµν + K¯µνK)
(φµν η)
(1+, 0) (1−, 0) (2, 0)
(~π ωµν)
(~π φµν)
(~ρµν η)
1
2
(K¯ ~σKµν + K¯µν ~σK)
− i√
2
(~ρµν × ~π)
1
2
(K¯ ~σKµν − K¯µν ~σ K)
1
2
(πi ρjµν + π
j ρiµν)− 13 δij π · ρµν
Table 3.1: Coupled-hannel states (IG, S), with isospin (I), G-parity (G) and
strangeness (S).
hannels; they are given in the tables (3.2-3.6). The s-hannel oeients
are listed in a fatorized form:
[
C
(x)
s−ch
]
ab
= G(x)a G
(x)
b ,
[
C
(ij,x)
s−ch
]
ab
= G(i,x)a G
(j,x)
b . (3.12)
3.3 Partial wave projetion
The next step is a partial wave expansion of the tree-level amplitude (3.10)
as demonstrated in the appendix of [15℄. To summarize this appendix briey:
one the amplitudes Gi fullling
〈λ¯|T |λ〉 ≡ ǫ†µ¯ν¯(p¯, λ¯)T µ¯ν¯, µνtree ǫµν(p, λ)
= ǫ†µ¯(p¯, λ¯)
{
G1 g
µ¯µ +G2w
µ¯wµ
+G3w
µ¯ p¯µ +G4 p
µ¯ wµ +G5 p
µ¯ p¯µ
}
ǫµ(p, λ) , (3.13)
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(a) [G
(1,ρ)
(1+,0)]a [G
(2,ρ)
(1+,0)]a
(1) 1 2m2pi
(2) 0 0
(3) 1√
3
2√
3
m2pi
(4) 1 2m2K
[G
(1,ω)
(0−,0)]a [G
(2,ω)
(0−,0)]a√
3
√
3 2m2pi
1√
3
2√
3
m2pi
1 2m2K
0 0
[G
(1,φ)
(0−,0)]a [G
(2,φ)
(0−,0)]a
0 0
0 0√
2
√
8m2K
− 2√
3
4√
3
m2pi − 8√3m2K
(a) [G
(pi)
(1−,0)]a [G
(η)
(0+,0)]a
(1)
√
2
√
3
(2) 1 −
(3) − −
(4) − −
(5) − −
[G
(K)
( 1
2
,1)
]a√
3
2
−
√
3
2
−1
2√
3
2
1√
2
[G
(1,K∗)
( 1
2
,1)
]a [G
(2,K∗)
( 1
2
,1)
]a√
3
2
√
3m2pi√
3
2
√
3m2K
1
2
m2K
− 1
2
√
3
√
3m2pi − 4√3m2K
1√
2
√
2m2K
Table 3.2: Coupling onstants speifying the s-hannel meson exhange on-
tributions (see (3.12)).
are known, the partial-wave projetion an be written down.
2
Additional Lorentz strutures ontaining pµ or p¯µ¯ do not ontribute in equ.
(3.13) sine they vanish when ontrated with the polarization vetors. The
latter an be transformed between vetor and tensor representation by
ǫµν(p, λ) =
i√
p2
{
pµ ǫν(p, λ)− pν ǫµ(p, λ)
}
. (3.14)
The onvention used for the polarization vetors is
ǫµ(p) =


0
±1√
2−i√
2
0

 ,


pcm
M
0
0
ω
M

 , ǫµ(p¯) =


0
∓ cosΘ√
2−i√
2± sinΘ√
2

 ,


pcm
M
ω
M
sinΘ
0
ω
M
cosΘ

 ,(3.15)
with ǫµ(p) = ǫµ(p,±1), ǫ(p¯, 0) ,ǫµ(p¯) = ǫµ(p¯,±1), ǫ(p¯, 0) and the further def-
initions ω2 = M2 + p2cm and ω¯
2 = M¯2 + p¯2cm .
(Using equ. (3.14) in equ. (3.13) determines how to transform the sattering
amplitude between vetor and tensor representation:
T µ¯,µtree =
p¯ν¯
M¯
(
T µ¯ν¯,µνtree − T ν¯µ¯,µνtree − T µ¯ν¯,νµtree + T ν¯µ¯,νµtree
) pν
M
. (3.16)
The transformations of the sattering amplitude in the equation above and
in the polarization vetors in equ. (3.14) in priniple redue the problem to
the situation in the appendix of [15℄ where only the vetor representation
was used.)
2
The basis of Lorentz strutures multiplying the Gi in equ. (3.13) diers from the one
hosen in [15℄ by a hange of basis whih is straight-forward to implement.
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(I, S) h Cρt−ch C
11,ρ
u−ch C
12,ρ
u−ch C
21,ρ
u−ch C
22,ρ
u−ch C
pi
u−ch
(0, 2) 11 3
4
3
4
3
2
m2K
3
2
m2K 3m
4
K
3
4
(1, 2) 11 −1
4
1
4
1
2
m2K
1
2
m2K m
4
K
1
4
(1
2
, 1) 11 1 0 0 0 0 0
12 0 0 0 0 0 −1
13 0
√
3
2
√
3m2pi
√
3m2K 2
√
3m2pim
2
K 0
22 1 0 0 0 0 0
24 0 1
2
m2K m
2
pi 2m
2
pim
2
K 0
(3
2
, 1) 11 −1
2
0 0 0 0 0
12 0 0 0 0 0 1
2
22 −1
2
0 0 0 0 0
(0+, 0) 11 3
4
−3
4
−3
2
m2K −32 m2K −3m4K 34
(0−, 0) 11 2 0 0 0 0 −2
12 0 1 2m2pi 2m
2
pi 4m
4
pi 0
33
3
4
3
4
3
2
m2K
3
2
m2K 3m
4
K −34
(1+, 0) 11 0 1 2m2pi 2m
2
pi 4m
4
pi 0
33 0 1
3
2
3
m2pi
2
3
m2pi
4
3
m4pi 0
44 −1
4
−1
4
−1
2
m2K −12m2K −m4K 14
(1−, 0) 11 1 0 0 0 0 1
22 −1
4
1
4
1
2
m2K
1
2
m2K m
4
K −14
(2, 0) 11 −1 0 0 0 0 1
Table 3.3: Coupling onstants speifying the interation strength as dened
in (3.10).
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(I, S) h Cωt−ch C
11,ω
u−ch C
12,ω
u−ch C
21,ω
u−ch C
22,ω
u−ch C
η
u−ch
(0, 2) 11 −1
4
−1
4
−1
2
m2K −12m2K −m4K −34
(1, 2) 11 −1
4
1
4
1
2
m2K
1
2
m2K m
4
K
3
4
(1
2
, 1) 12 0 1
2
m2pi m
2
K 2m
4
Km
4
pi 0
34 0 1
2
√
3
1√
3
m2K
1√
3
m2pi
2√
3
m2Km
2
pi 0
(3
2
, 1) 12 0 1
2
m2pi m
2
K 2m
2
Km
2
pi 0
(0+, 0) 11 1
4
−1
4
−1
2
m2K −12m2K −m4K 34
(0−, 0) 11 0 1 2m2pi 2m
2
pi 4m
4
pi 0
22 0 1
3
2
3
m2pi
2
3
m2pi
4
3
m4pi 0
33
1
4
1
4
1
2
m2K
1
2
m2K m
4
K −34
(1+, 0) 13 0 1√
3
2√
3
m2pi
2√
3
m2pi
4√
3
m4pi 0
44
1
4
1
4
1
2
m2K
1
2
m2K m
4
K −34
(1−, 0) 11 0 −1 −2m2pi −2m2pi −4m4pi 0
22
1
4
−1
4
−1
2
m2K −12m2K −m4K 34
(2, 0) 11 0 1 2m2pi 2m
2
pi 4m
4
pi 0
Table 3.4: Coupling onstants speifying the interation strength as dened
in (3.10) ontinued.
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(I, S) h CK
∗
t−ch C
11,K∗
u−ch C
12,K∗
u−ch C
21,K∗
u−ch C
K
u−ch
(1
2
, 1) 11 0 −1
4
−1
2
m2pi −12m2pi −14
12
1
4
0 0 0 0
13 −
√
3
4
0 0 0 0
14 0 −1
4
−1
2
m2pi
3
2
m2pi − 2m2K 34
15
√
3
8
0 0 0 0
22 0 −1
4
−1
2
m2K −12m2K −14
23 0
√
3
4
√
3
2
m2K
√
3
2
m2K
√
3
4
24 −3
4
0 0 0 0
25 0
√
3
8
√
3
2
m2K
√
3
2
m2K −
√
3
8
33 0 1
4
1
2
m2K
1
2
m2K
1
4
34 −
√
3
4
0 0 0 0
35 0 1√
8
1√
2
m2K
1√
2
m2K − 1√8
44 0 1
12
2
3
m2K − 12m2pi 23 m2K − 12m2pi 34
45
√
3
8
0 0 0 0
55 0 1
2
m2K m
2
K
1
2
(3
2
, 1) 11 0 1
2
m2pi m
2
pi
1
2
12 −1
2
0 0 0 0
22 0 1
2
m2K m
2
K
1
2
(0−, 0) 13
√
3
2
√
3
2
√
3m2pi
√
3m2K −
√
3
2
23
√
3
2
− 1
2
√
3
√
3m2pi − 4√3 m2K − 1√3 m2K −
√
3
2
34 −
√
3
2
− 1√
6
−
√
2
3
m2K
√
6m2pi − 4
√
6
3
m2K
√
3
2
(1+, 0) 14 1
2
1
2
m2pi m
2
K −12
24 − 1√
2
1√
2
√
2m2pi
√
2m2K
1√
2
34
√
3
2
− 1
2
√
3
√
3m2pi − 4√3 m2K − 1√3 m2K −
√
3
2
(1−, 0) 12 1√
2
− 1√
2
−√2m2pi −
√
2m2K
1√
2
Table 3.5: Coupling onstants speifying the interation strength as dened
in (3.10) ontinued. The oeients C22,K
∗
u−ch are not displayed. They obey
the relation C22,K
∗
u−ch = C
12,K∗
u−ch · C21,K
∗
u−ch /C
11,K∗
u−ch
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(IG, S) h Cφt−ch C
11,φ
u−ch C
12,φ
u−ch C
21,φ
u−ch
(0, 2) 11 −1
2
−1
2
−m2K −m2K
(1, 2) 11 −1
2
1
2
m2K m
2
K
(1
2
, 1) 45 0 −
√
2
3
−4
√
6
3
m2K +
2
√
6
3
m2pi −
√
8
3
m2K
(0+, 0) 11 1
2
−1
2
−m2K −m2K
(0−, 0) 33 1
2
1
2
m2K m
2
K
44 0 4
3
16
3
m2K − 83 m2pi 163 m2K − 83 m2pi
(1+, 0) 44 1
2
1
2
m2K m
2
K
(1−, 0) 22 1
2
−1
2
−m2K −m2K
Table 3.6: Coupling onstants speifying the interation strength as dened
in (3.10) ontinued. The oeients C22,φu−ch are not displayed. They obey the
relation C22,φu−ch = C
12,φ
u−ch · C21,φu−ch/C11,φu−ch
In the next step partial wave amplitudes are introdued in the enter of mass
frame,
ǫ†µ¯ν¯(p¯, λ¯)T
µ¯ν¯, µν
tree ǫµν(p, λ) =
∑
J
(2 J + 1)〈λ¯|T (J)|λ〉d(J)
λλ¯
(Θ) , (3.17)
where d
(J)
λλ¯
(Θ) denote Wigner's rotation funtions and Θ is the angle spanned
by the inoming and outgoing vetor meson three-momentum
3
. In the enter
of mass frame the left hand side of this equation an be alulated expliitly
in terms of the invariant amplitudes Gi using the right hand side of equ.
(3.13) and the expressions in equ. (3.15) for the polarization tensors.
If the Gi are known, the objets
〈λ¯|T (J)|λ〉 =
∫ 1
−1
d cosΘ
2
〈λ¯|T |λ〉 d(J)
λλ¯
, (3.18)
are now aessible. These are the desired objets, but in a dierent basis.
The transformation of basis onsists of several steps.
In the rst step, the previous equation is rewritten in terms of parity eigen-
states whih are dened by:
〈1±| = (±〈+1|+ 〈−1|)/
√
2 ,
〈2+| = 〈0| . (3.19)
The seond step is almost trivial for negative parity. There is just one state
in equ. (3.18). The orresponding one-dimensional matrix will be resaled
3
In [15℄ there is an ambiguity in the denition of that angle. If p · p¯ = ω ω¯ −
cos(Θ) pcmp¯cm holds, the sign of F3 and F4 has to be hanged.
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by a fator 1/(pcmp¯cm)
J
. For positive parity the two by two matrix in equ.
(3.18) is multiplied from the right by
U
pJcm
=
1
pJcm

 1p−1cm −
√
J
J+1
ω
M pcm
0 1
M pcm

 , (3.20)
and from the left by
U¯T
p¯Jcm
, U¯ = U(pcm ↔ p¯cm, ω ↔ ω¯, M ↔ M¯) . (3.21)
Those steps above will lead to the invariant amplitudes M listed in the ap-
pendix of [15℄. There is an additional freedom that will be used in this work.
The resulting invariant amplitudes an be resaled with a power of s = (p+q)2
if the phase spae (to be introdued in the next hapter) is resaled with the
inverse expression. For positive parity the following exponents will be used:
T
(1+)
i,j = s
di,jM
(1+)
i,j ,
d1,1 = 1 , d1,2 = d2,1 =
3
2
, d2,2 = 2 . (3.22)
In this work only positive parity and angular momentum one, J = 1 is
onsidered. The nal expression is
T
(1+)
11 =
∫ 1
−1
dx
2
{
− 1 + x
2
2
sG1 +
x3 − x
2
p¯cm pcm sG5
}
,
T
(1+)
12 =
∫ 1
−1
dx
2
{3 x2 − 1√
8
ω s
3
2
p2cm
G1
+s2
x2 − 1√
2
G4
+
s3/2(1− x2)√
8 pcm
(3ω p¯cm x− 2 ω¯ pcm)G5
}
,
T
(1+)
21 =
∫ 1
−1
dx
2
{ 3 x2 − 1√
8
ω¯ s
3
2
p¯2cm
G1
+s2
x2 − 1√
2
G3
+
s3/2(1− x2)√
8 p¯cm
(3 ω¯ pcm x− 2ω p¯cm)G5
}
,
T
(1+)
22 =
∫ 1
−1
dx
2
{ s2
4 p2cm p¯
2
cm
(
4 x pcmp¯cm + ωω¯(3− 9 x2)
)
G1
+
s3x
pcmp¯cm
G2
+s5/2
2 ω¯ x pcm + ω p¯cm(1− 3 x2)
2 p2cmp¯cm
G3
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+s5/2
2ω x p¯cm + ω¯ pcm(1− 3 x2)
2 pcmp¯2cm
G4
+
s2
4 p2cmp¯
2
cm
[
2 (1− 3 x2) · (ω2p¯2cm + ω¯2p2cm)
+x pcm p¯cmω ω¯ (9 x
2 − 1)
]
G5
}
, (3.23)
with x = cos(Θ) and the usual Mandelstam variables
s = (p+ q)2 , (3.24)
t = (p− p¯)2 , (3.25)
u = (p− q¯)2 . (3.26)
It remains to nd some pratial way to alulate the Gi in equ. (3.13) from
the tree level amplitude (3.10). Progress is made by the denitions
vµp,p¯,w = ε
µνρσpν p¯ρwσ , (3.27)
pµ⊥ = p
µ − (p·p¯)
p¯2
p¯µ − p·(w −
(w·p¯)
p¯2
p¯)
(w − (w·p¯)
p¯2
p¯)2
(w − (w·p¯)
p¯2
p¯)µ , (3.28)
p¯µ⊥ = p¯
µ − (p¯·p)
p2
pµ − p¯·(w −
(w·p)
p2
p)
(w − (w·p)
p2
p)2
(w − (w·p)
p2
p)µ , (3.29)
wµ⊥ = w
µ − (w·p¯)
p¯2
p¯µ − w·(p−
(p·p¯)
p¯2
p¯)
(p− (p·p¯)
p¯2
p¯)2
(p− (p·p¯)
p¯2
p¯)µ . (3.30)
These are onstruted in suh a way that pµ⊥ is orthogonal to p¯
µ
and wµ, wµ⊥
is orthogonal to pµ and p¯µ and nally p¯µ⊥ is orthogonal to p
µ
and wµ. vµp,p¯,w
is perpendiular to all three vetors. With these denitions it is straight-
forward to read o the Gi from equ. (3.13),
G1 =
vµp,p¯,wTµνv
ν
p,p¯,w
v2p,p¯,w
, (3.31)
G2 = (Tµν −G1gµν) w
µ
⊥w
ν
⊥
(w⊥)4
, (3.32)
G3 = (Tµν −G1gµν) w
µ
⊥p¯
ν
⊥
(w⊥)2(p¯⊥)2
, (3.33)
G4 = (Tµν −G1gµν) p
µ
⊥w
ν
⊥
(p⊥)2(w⊥)2
, (3.34)
G5 = (Tµν −G1gµν) p
µ
⊥p¯
ν
⊥
(p⊥)2(p¯⊥)2
. (3.35)
The results for all diagrams ontributing to the sattering kernel are listed
in appendix A.
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Chapter 4
Analyti struture of the
potential
In previous works only the leading kinemati ontribution T
(1+)
11 was onsid-
ered. This was used in a (partial wave projeted) Bethe-Salpeter equation
to alulate the full sattering amplitude. In this work the formalism of [18℄
will be used. It rests on a dispersion relation for the omplete amplitude
T
(J P )
ab (s) = U
(J P )
ab (s) +
∫ ∞
thres2
dw
π
s− µ2M
w − µ2M
∆T
(J P )
ab (w)
w − s− i ε , (4.1)
where the potential U ontains all the left-hand uts and the right-hand uts
are summed up in the integral. (J, P ) denotes the angular momentum and
parity. In ontrast to [18℄ where baryons were onsidered, the variable of
integration doesn't have the dimension of an energy but of a squared energy.
Sine the amplitudes are dened with respet to the transformed basis (3.20)
there are no additional kinemati onstraints as would be the ase if for
example heliity eigenstates were used.
The mathing point µM is hosen
µ2M = m
2
min +M
2
min , (4.2)
where the masses on the right side orrespond to the pseudosalar and vetor
masses of the lightest hannel. This will make the full amplitude T idential
to the tree-level result at a point where the sattering amplitude an be
alulated perturbatively.
When the potential U has no uts above threshold, ∆T is given by all right-
hand uts [25℄:
∆T
(J P )
ab (s) =
1
2 i
[T
(J P )
ab (s+ iε)− T (J P )ab (s− iε)]
=
∑
c,d
[
T (J P )ac (s)
]†
ρ
(J P )
cd (s)T
(J P )
db (s) .
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For a single-hannel problem, the phase spae is given by
ρ(s) =

 1s (32 + p2cm2M2 ) 1s3/2 ( p2cmω√2M2 )
1
s3/2
( p
2
cmω√
2M2
) 1
s2
p4cm
M2

 . (4.3)
It is not diagonal beause of the transformation (3.20). The resaling of
equ. (3.22) was ompensated with orresponding s−dij . For large energies
the resaled phase spae will approah a nite onstant, a property that is
ruial for the integral the master-equ. (4.1) to be well-dened.
It turns out that to solve equ. (4.1), the potential is needed at all energies
above threshold, in the ase of o-diagonal matrix elements above the lower
threshold. As it stands, the expression (3.10) annot be used as input for
(4.1). Considering the asymptoti behavior this is already obvious: for large
energies the potential will behave like a polynomial. Suh a behavior is not
only physially unreasonable, it also invalidates the integration.
Progress is made by looking at the analyti struture of the potential, for
example for K ρ sattering. The u-hannel ut starts at
√
s = mρ − mK .
A Taylor expansion at the rho meson mass will therefore only onverge up
to threshold,
√
s = mρ +mK , while we need the potential above threshold.
To deal with this problem a trik is used. The idea is the following: instead
of expanding the funtion in s, the argument is substituted with a funtion
s(ξ). When the potential as funtion of ξ is Taylor expanded the radius of
onvergene will now be a irle in ξ, not in s. If that funtion s(ξ) is hosen
properly the expansion in ξ (or ξpansion) will onverge for (mρ −mK)2 <
s < Λ2s where Λs an be muh larger than threshold. To be more preise a
Taylor expansion leads to
f(s) = f(s0) + f
′(s0) · (s− s0) + f ′′(s0) · (s− s0)
2
2 !
+ . . . . (4.4)
When the variable is substituted this beomes
f(s(ξ)) = f(s(ξ0)) +
df(s(ξ))
d ξ
∣∣∣∣∣
ξ=ξ0
· (ξ − ξ0)
+
d2f(s(ξ))
d ξ2
∣∣∣∣∣
ξ=ξ0
· (ξ − ξ0)
2
2 !
+ . . . , (4.5)
and substituting bak using the hain rule the result is
f(s) = f(s0) + f
′(s0) · s′(ξ0) · (ξ(s)− ξ0)
+
(
f ′′(s0) (s
′(ξ0))
2 + f ′(s0) s
′′(ξ0)
)
· (ξ(s)− ξ0)
2
2 !
+ . . . , (4.6)
where
s0 = s(ξ0) . (4.7)
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It remains to hoose the funtion ξ(s) that will lead to a onvergent expansion
between the lower bound Λu and the upper bound Λs when expanded around
µE. The funtion ξ(s) is hosen in suh a way that it will be expanded around
ξ0 = 1/2 with a radius of onvergene of 1/2. Expliitly we use
s(ξ) = Λ2u + (Λ
2
s − Λ2u)
(
1−√ξ
1 +
√
ξ
)2/n
(4.8)
or inverted
ξ(s) =


√
x
1+x
−
√
1
1+x√
x
1+x
+
√
1
1+x


2
,
with x =
(
s− Λ2u
Λ2s − Λ2u
)n
, (4.9)
where n is determined by the ondition that the expansion point gets mapped
onto 1/2 whih translates to
(
µ2E − Λ2u
Λ2s − Λ2u
)n
=
(√
2− 1√
2 + 1
)2
= 17− 12
√
2 (4.10)
This will deform the irle of onvergene. Depending on the parameters this
region of onvergene an look more like a heart.
The expansion in ξ (xipansion) is unique one the lower bound Λu, the ex-
pansion point µE and the upper bound Λs are speied. The values used
are
Λs = 1.7GeV ,
µE =
1
2
(m+M + m¯+ M¯) . (4.11)
Λs is a onvenient hoie. It turns out that the results vary only weakly
with the exat hoie. The xipansion point µE has to be plaed between
the thresholds where the potential is perturbative. The lower bound is more
triky. It is neessary to nd the lightest exhange partile(s) that is not
taken into aount expliitly. One has to respet G-parity as well.
Consider for example the proess K ρ → πK∗ in the u-hannel. The vertex
inluding the pion and the ρ-meson enfores an exhange proess without
strangeness. This allows for example for the exhange of the π , η , ρ , ω , φ as
well as 2 π , πρ , πω ,K K∗ and so on. The single partile exhanges are all
onsidered expliitly in this work. Two salar partiles violate the spin/parity
quantum numbers and an be exluded. The lightest exhange proesses are
then π ρ and π ω. The latter violates G-parity.
The upper branh point of this lightest exhange proess not onsidered
expliitly denes the lower bound Λu. If this branh point is omplex, the real
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Figure 4.1: Xipansion of the funtion ln(x) around 1 with lower bound 0
and upper bound 5. First and seond order are displayed. The zeroth order
is just a onstant and therefore omitted.
part is used. This denes all free parameters in the xipansion and therefore
the area of onvergene in the omplex plane.
Here are some examples for this proedure: g. 4.1 shows the rst and
seond order in the xipansion of the logarithm around 1 with lower bound
zero and upper bound 5. The xipansion approximates the logarithm, whih
orresponds to a physially reasonable high-energy behavior, well even for
large energies  something a Taylor expansion would fail to ahieve. The
result for an upper bound of 20 is shown in g. 4.2.
4.1 The potential from dispersion integrals
The philosophy is to evaluate all ontributions from uts inside the region
where the xipansion onverges exatly. Cuts outside that region will be mod-
ied by proesses that are not inluded in our model and their ontribution
will therefore be xipanded.
Separating the potential into the part that is treated exatly and the rest
that is xipanded requires some work. In general the potential will be of the
form
U(s) = α(s) +
β
s−m2s
+
∫ 1
−1
dx
(
γ(s, x)
t(s, x)−m2t
+
λ(s, x)
u(s, x)−m2u
)
, (4.12)
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Figure 4.2: Xipansion of the funtion ln(x) around 1 with lower bound 0 and
upper bound 20. First and seond order are displayed. The zeroth order is
just a onstant and therefore omitted.
where the bakground term α ontains no uts and β is just a onstant.
It remains to separate the ut aused by the t- and u-hannel propagator
into a part that lies inside the area of onvergene of the xipansion and a
part outside. In the following the u-hannel will be used as an example, but
analogous formulas hold for the t-hannel.
Progress is made by rewriting the angular integrals as dispersion integrals
along the ut implied by the denominator in the equation above,
∫ 1
−1
dx
λ(s, x)
u(s, x)−m2u
=
∑
i=±
∫ ∞
m2u
ds˜
π
dc
(u)
i (s˜)
ds˜
λ(c
(u)
i (s˜), x
(u)
i (c
(u)
i (s˜))) ρ
(u)
i (s˜)
s− c(u)i (s˜)
,(4.13)
where mu is the mass of the exhange partile. Up to a sign the weight
funtion ρ is given by
ρ
(u)
i (s˜) = ±
π
2 pcm(c
(u)
i (s˜)) p¯cm(c
(u)
i (s˜))
. (4.14)
The sign is a ompliated funtion of all masses involved, expliit expressions
an be found in [18℄.
The ontour funtions c
(u)
± (s) run along the ut. They solve the equation
u(c
(u)
± (s),±1) = s , (4.15)
where u(s, x) is the usual Mandelstam variable. Therefore the ontour fun-
tions give the endpoints of the ut produed by an exhange partile of
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squared mass s. In more detail they are
c
(u)
±,ij(s˜) =
1
2
(
m2i +M
2
i +m
2
j +M
2
j − s˜
)
+
(M2i −m2j) (M2j −m2i )
2 s˜
± s˜
2
√√√√(1− 2 M2i +m2j
s˜
+
(M2i −m2j)2
s˜2
)(
1− 2 m
2
i +M
2
j
s˜
+
(m2i −M2j )2
s˜2
)
,(4.16)
where i and j are oupled-hannel indies. This diers slightly from the
notation of [18℄ where the ontour funtion was the square root of the above
expression. At the energy c
(u)
± (s˜) the angular integration on the left-hand
side of (4.13) has its pole at x
(u)
± (s˜). This denes the angle impliitly. An
expliit alulation results in
x
(u)
±,ij(s) =
M2i +m
2
j −m2u − 2Ei(s)ωj(s)
2 pcm,i(s) pcm,j(s)
, (4.17)
with
Ei(s) =
s−m2i +M2i
2
√
s
. (4.18)
Simpler parts of the ontour an be integrated diretly in sˆi = c
(u)
i (m). This
substitution in (4.13) leads to
∑
i=±
∫ m22
m21
ds˜
π
dc
(u)
i (s˜)
ds˜
λ(c
(u)
i (s˜), x
(u)
i (c
(u)
i (s˜))) ρ
(u)
i (s˜)
s− c(u)i (s˜)
=
∑
i=±
∫ c(u)i (m22)
c
(u)
i (m
2
1)
dsˆi
π
λ(sˆi, x
(u)
i (sˆi)) ρˆ
(u)
i (sˆ)
s− sˆi , (4.19)
with
ρˆ
(u)
i (sˆ) = ±
π
2 pcm(sˆ) p¯cm(sˆ)
. (4.20)
An expliit evaluation of the right-hand side of (4.13) over the entire range
of integration an be triky. When c
(u)
± (s˜) orresponds to one of the two
thresholds involved, the integral diverges due to the enter of mass momenta
in equ. (4.14) and possibly additional fators of x = cos(Θ) in λ(s, x). In
these ases the ontour in (4.13) is deformed away from the real axis into a
small semi-irle around that ritial point. The radius of that irle has to
be hosen small enough to avoid the losest sign hanges in (4.14). If there
is suh a sign hange at the ritial point, a phase has to be introdued at
whih the integration along the semiirle around that ritial point hanges
sign.
This entire proedure was heked by omparing both sides of equation (4.13)
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Figure 4.3: U-hannel ontours in the omplex plane for π ρ → K K¯∗ and
Λs = 2GeV. The dashed line denes the area where the xipansion onverges
for Λs = 2GeV. The dotted line beomes solid at the kaon mass. The two
thresholds are indiated by an x.
expliitly for the masses of interest. Some ases require additional are.
These will be disussed later.
The next step is to alulate the values of s˜ for whih the funtions ci(s˜)
ross the border of the area of onvergene of the xipansion. With these
boundaries, the dispersion integral (4.13) an be separated into a part inside
and outside that area, as desired.
4.1.1 Example: the exhange of a kaon in π ρ→ K K¯∗
To illustrate this proedure, an example will be given: the pseudosalar u-
hannel exhange of a kaon in the proess π ρ→ K K¯∗ where the total isospin
of the inoming and outgoing state is zero. The amplitude T 1+11 as dened
in equ. (3.23) is onsidered with the invariant amplitudes Gi taken form the
appendix. Fig. 4.3 shows the position of the uts in the omplex plane. Note
that the axis show the the square root of s. The radius of onvergene for
the xipansion is given by the dashed line. The other two lines are the ut-
funtions in the omplex plane. The positive ontour c
(u)
+ (s˜) starts at high
energies for small s˜ and approahes points where it beomes imaginary from
the right. The negative ontour starts at some nite value and approahes
these points from the left. The integration starts at the kaon mass, the point
where the dotted line beomes solid. It ends at the point where the ontour
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hits the dashed line, the radius of onvergene for the xipansion
1
.
As explained before, only uts inside that region will be integrated. In this
example the positive ut onsists of three intervals:
interval start[GeV2] stop[GeV2] sign
1 0.246 0.571 +1
2 0.571 0.609 +1
3 0.609 0.860 −1
, (4.21)
the last number gives the sign in equ. (4.14). The rst intervals starts at
the squared exhange mass, the kaon mass. At (mK∗ −mpi)2 =0.571 GeV2
the ontour hits the real axis and moves to the right. It hanges diretion at
threshold whih is reahed at (mpim
2
K+mρm
2
K∗)/(mpi+mρ)−(mpimρ) =0.609
GeV
2
. For values larger than 0.86 GeV
2
the ontour lies outside the domain
where it has to be xipanded.
Integrating the rst interval as detailed in equ. (4.13) doesn't ause any
problems, but at the point where the ontour reahes the lower threshold,
the produt of the inoming and outgoing enter of mass momenta vanishes,
resulting in a divergene in equ. (4.14,4.17). As mentioned before, this
problem an be takled by deforming the integration ontour in (4.13) into
the omplex plane so that it goes around the dangerous point at some radius
ε. In equ. (4.14) the sign hanges at that ritial point. It remains to
generalize the sign hange that it an also be used for omplex s˜. Fig. 4.4
shows the funtion that has to be integrated on a semiirle with radius
ε = 0.01 GeV2 and for the larger radius ε = 0.05 GeV2 when the sign hange
is ignored. From this gure it is obvious in both ases where the sign-hange
has to be plaed. The disontinuity an be traed bak to the square root
in the expression for the enter of mass momentum. It ours where the
imaginary part of the argument hanges sign. This information allows to
implement the sign hange at the orret phase. The phase also depends on
the radius of the semiirle in the omplex plane as an be seen form the two
examples given. The situation is displayed shematially in g. 4.5 where the
dashed line separates the regions with dierent sign. The smaller the radius
is hosen the loser the phase will be to π/2. In pratie the radius should
not be too small to avoid numerial diulties but it has to be small enough
to avoid other sign hanges lose to the ritial point in question. Values in
between the two examples given above turn out reasonable.
The dierene between this result and the exat integration will be xipanded
and added. For the urrent example the details are shown in g. 4.6 where
the exat potential and the dispersive integral are displayed together with
the nal result for the integration. The dierene between the former two
is displayed in g. 4.7. It has to be xipanded and added to the dispersive
integral to get the nal potential. The result of the xipansion is also shown
in that gure.
1
If the exhange partile were a K∗ instead of a K, the ontour would be of the same
form with the only dierene that the dotted line would turn solid further to the left.
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Figure 4.4: Real and imaginary part of the integrand in equ. (4.13) along a
small semiirle in the omplex plane around the lower threshold. The upper
plot orresponds to the radius ε = 0.01GeV2, the lower plot to ε = 0.05GeV2.
The solid lines show the real part, dashed urves orrespond to the imaginary
part.
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Figure 4.5: Position of the sign hange shematially. The solid lines show
the path of integration in the omplex plane around the ritial point. The
dashed line separates the regions where with dierent sign in equ. (4.14).
As one an see, for not so high energies the result of the dispersive integral
agrees well with the exat expression even so only a small part of the ut is
integrated. This results in a small funtion to be xipanded. This xipansion
also agrees well up to about 2 GeV, but the asymptoti behavior is modied.
4.2 Perturbative analysis of the sattering am-
plitude
Beside poles in the region of integration, other issues may arise when the
partial wave projeted amplitudes (3.23) are evaluated either by an angular
or by a dispersive integration. These issues will be presented in this setion
together with possible solutions.
To see that the solutions are indeed orret, a hek is needed. This is
provided by a perturbative analysis of the master-equation (4.1) when it
is iterated one with T0(s) = U(S), where spin, parity and oupled-hannel
indies have been suppressed. Let the potential U be the sum of the problem-
ati diagram in question and some simple ontat term without derivatives.
The nominator will be of the form (U ·ρ ·U) and ontain two mixed terms
whih an be interpreted as triangle diagrams. Let the problemati diagram
be for instane a u-hannel exhange proess between salar partiles. The
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Figure 4.6: Results of the exat and dispersive integration in the ase π ρ→
K K¯∗ together with the nal result.
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Figure 4.7: This plot shows the exat potential in the ase π ρ → K K¯∗ to-
gether with the dierene between the former and the dispersive integration.
The xipansion of this dierene is also displayed.
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equation above gives
T∆(s) =
∫ ∞
thres2
dw
π
(1 · ρ(w) · Uu(w)) 1
w − s− i ε ,
Uu(w) =
∫ 1
−1
dx
u(w, x)−m2 , (4.22)
where the subtration at µ2M and oupling onstants have been ignored. Al-
ternatively this diagram an be alulated unambiguously by the use of Feyn-
man parameters resulting in
T∆(s) =
∫
d4l
(2 π)4
−i
(l2 − m¯2)((l − q¯)2 −m2u)((w − l)2 − M¯2)
=
−1
16 π2
∫ 1
0
dz3
∫ 1−z3
0
dz2
1
D
,
D = (M2 − s) z2 + s z22 +m2(1− z2 − z3) + (m2u − M¯2) z3
+(M¯2 − m¯2 + s) z2z3 + M¯2z23 − i ε . (4.23)
When both ways to alulate the triangle diagram agree, the presription to
alulate the potential Uu(s) is orret.
4.2.1 Anomalous thresholds
The angular integration leads to logarithms whih will give inorret results
if alulated on the rst Riemann sheet. For a simple example onsider a
u-hannel exhange proess where all partiles are salars.
The integral
∫ 1
−1
dx
u(s, x)−m2 (4.24)
is of the form
∫ 1
−1
dx
A(s) + xB(s)
=
1
B(s)
ln
(
A(s) +B(s)
A(s)−B(s)
)
, (4.25)
where the right-hand side is the result of a formal integration. B(s) is a mul-
tiple of the produt of the inoming and outgoing enter of mass momentum
 and therefore omplex between thresholds. If A(s) hanges sign in that re-
gion, one has to be areful to evaluate the logarithm on the orret Riemann
sheet. Naive evaluation of the integral together with a orretion
− 2 π i
B(s)
Θ(ℑ[A(s)B(s)]) (4.26)
will lead to a result that is ontinuous where A(s) hanges sign. A nominator
of the form xn would otherwise lead to a disontinuity in the n-th derivative
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Figure 4.8: This plot shows the result of the angular integration of a u-
hannel propagator when a kaon is exhanged in π ρ → KK∗. A naive
integration leads to the solid line. The disontinuity an be ured in two
ways, see text for further explanation.
of the resulting funtion of s.
An example is shown in g. 4.8. The proess onsidered is π ρ→ KK∗ with
the exhange of a kaon in the u-hannel. All partiles are treated as salars.
The solid line is the result of a naive integration of equ. (4.24). The dison-
tinuity is at 1.190 GeV. In priniple this disontinuity an be ured in both
diretions, either as in equ. (4.26) or with the negative of this orretion and
the sign of the argument of the Theta-funtion reversed. The presription
given in the equation above will lead to the ontinuation indiated by the
dashed line while the reversal of signs in the presription leads to the dotted
ontinuation. The dashed urve ends at the π ρ threshold while the dotted
urve is disontinuous at the KK∗ threshold.
The potential will be needed above the lower threshold and has to be ontin-
uous. Therefore the presription that leads to the dashed line is employed.
The physial situation is shown in g. 4.9 for π ρ→ KK∗ with a pseudosalar
meson in the u-hannel for the amplitudes T
(1+)
11 and T
(1+)
12 as dened in equ.
(3.23). The dashed line indiates the result of a naive integration while the
solid line shows the eet of the orretion. Note that the orretion diverges
at thresholds. This is only a square root singularity in Mandelstam s and
an therefore still be integrated. The orretness of this presription an be
heked as explained before by inserting the result into the iterated master-
equation (4.22) and omparing to the Feynman parameterization (4.23).
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Figure 4.9: This plot shows the potential T
(1+)
11 and T
(1+)
12 for a kaon exhange
in the u-hannel in π ρ→ KK∗. See text for further explanation.
4.2.2 Cuts on the real axis: π ρ→ π ρ
In some ases additional ompliations arise from the exhange of Goldstone
bosons in the u-hannel. Consider the exhange of a u-hannel pion in the
proess π ρ→ π ρ. ρ-mesons are unstable and an deay into two pions. This
allows the propagating partile in the u-hannel to be on-shell, resulting in
a pole in the angular integration for 1.11 GeV <
√
s < 4.26 GeV. In the
angular integration this pole an be treated by naively integrating
∫ 1
−1
dx
1
A(s) + xB(s)
=
1
B(s)
ln(A(s) + xB(s))
∣∣∣x=+1
x=−1 . (4.27)
Fig. 4.10 shows the real and imaginary part of the result of the angular
integral in equ. (??). The phase spae funtion needed in equ. (4.22) is
simply
ρ(w) =
pcm(w)
8 π
√
s
. (4.28)
A numerial omparison with the result of the Feynman parameterization
shows that this presription indeed works. The two funtions have to be
ompared slightly above the real axis when there is a ut present.
This ut will also show up when the angular integral is rewritten as a dis-
persive integral. It an be treated by subtrating it from the integrand and
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Figure 4.10: Real and imaginary part of the result of the angular integral in
equ. (??) for the ase π ρ→ π ρ.
adding 2 π times the residue. This leads to the same result when the disper-
sive integral goes to innity, but it takes a lot more CPU-time. In pratie
the alulation is therefore done in another way. The potential is divided into
two parts, U¯ and U˜ . The latter ontains the ontribution from the ut on
the real axis. Fig. 4.11 shows the ontours shematially in that ase. The
positive ontour starts at the right end of the ut and goes down along the
real axis until it beomes omplex; the negative ontour starts at the other
end of the ut and goes to lower energies until it turns around at threshold
and leaves the real axis at the same point as the positive ontour, but into
the opposite diretion.
One possibility to alulate the ontribution from the ut, U˜ , would be to
perform the dispersive integral only on the positive ut and only up to the
point where the negative ut starts. As mentioned before, this would be very
CPU-intensive. Instead one an use the angular integration to alulate the
imaginary part along the ut. From this imaginary part one an alulate
the real part using a dispersion integral. It remains to alulate the rest
of the potential, U¯ . Starting the dispersive integration at the left end of
the ut would be numerially diult beause the potential diverges at that
point. Sine the imaginary part has to be zero at that plae we an use
the information that both ontours have to anel identially and start the
integration anywhere between the lower end of the ut on the real axis and
the point where the ontours leave into the omplex plane. This requires to
start the integration in equ. (4.13) at dierent squared masses for the positive
and negative ontours and will then allow to alulate U¯ as desribed before.
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Figure 4.11: Position of the ontours in π ρ→ π ρ shematially. The positive
ut is drawn above the real axis, the negative ut below the real axis.
4.2.3 Cuts on the real axis: π φ→ K¯ K∗
Figure 4.12 shows the position of the uts shematially for the u-hannel
exhange of a kaon in the proess π φ → K¯ K∗ where the nal state is the
ombination with positive G-parity. The ut on the real axis starts at 1.39
GeV and ends at 1.56 GeV. In ontrast to the previous example it is partly
realized by the negative ontour and partly by the positive ontour.
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Figure 4.12: Position of the ontours in π φ → KK∗ shematially. The
positive ut is drawn above the real axis, the negative ut below the real
axis.
The integration along the uts an be treated as before. On the negative
ontour one has to interpret the ontour as below the real axis. The path
of integration an be deformed by adding a losed ontour whih enases no
poles. Figure 4.13 shows one possible way to do so. Without modiations
the negative ontour orresponds to the blak solid line and the dashed red
line. The additional losed ontour is given by the solid blak line and the
green dashed line. Eetively it is enough to integrate along the dashed and
the dotted path.
4.2.4 Cuts on the real axis: πK∗ → K ρ
The u-hannel exhange of a pion in the transition πK∗ → K ρ is displayed
in g. 4.14. This example is similar to the previous one with the exeption
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Figure 4.13: One possible deformation of the integration ontour in the re-
ation π φ → K¯ K∗ with a kaon in the u-hannel. Note that the axis show
Mandelstam s and not the energy.
that the negative ontour rst dereases until it reahes threshold where it
turns around and moves towards higher energies until it leaves the real axis.
In the region between 1.26 GeV and 1.27 GeV the two ontributions from the
negative ontour anel eah other. The ut on the real axis starts at 1.27
GeV and the starting point of the positive ontour.
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Figure 4.14: Position of the ontours in πK∗ → K ρ shematially. The
positive ut is drawn above the real axis, the negative ut below the real
axis.
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Chapter 5
Computation of the sattering
amplitude
In this setion the methods to solve equation (4.1),
T
(J P )
ab (s) = U
(J P )
ab (s) +
∫ ∞
thres2
dw
π
s− µ2M
w − µ2M
∆T
(J P )
ab (w)
w − s− i ε , (5.1)
with
∆Tab(s) =
∑
c,d
T−ac(s)ρcd(s)T
+
db(s) , (5.2)
will be presented. In the equation above the upper indies + and - note
the evaluation slightly above and below the real axis, respetively. Coupled-
hannel and Lorentz indies have been suppressed. The disussion will sum-
marize the results of [18℄, similar problems were disussed in [26, 27, 28℄.
5.1 Case 1: real potential
In a rst step it will be assumed that the potential has no imaginary part.
As shown in [18℄, an important rst step is the solution of the integral equa-
tion
ς(s) = −U¯(s) ρ(s)
−
∫ ∞
thres2
dw
π
s− µ2M
w − µ2M
ς(w) (U(s)− U(w)) ρ(s)
w − s (5.3)
for ς. Equation (5.3) an be solved numerially on a grid. It turns out useful
to perform the alulations in the variable 1/s and to use Gaussian points
distributed between ritial points as grid. The ritial points inlude all
thresholds and the endpoints of uts on the real axis. More details an be
found in [18℄.
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The seond step is to alulate two dispersive integrals,
Bab(s) =
∫ ∞
(mc+Mc)2
dw
π
s− µ2M
w − µ2M
ςac(w)Ucb(w)
w − s , (5.4)
Dab(s) = δab +
∫ ∞
(mb+Mb)2
dw
π
s− µ2M
w − µ2M
ςab(w)
w − s . (5.5)
The solution of the master-equation (4.1) an then be written as
T (s) = U(s)−D−1(s) · B(s) . (5.6)
The dispersive integrals for B and D are performed on a grid whih inludes
the threshold, is equidistant between thresholds and gets more oarse at
higher energies. To alulate ς(s) on this grid equ. (5.3) is used again, this
time on an asymmetri grid (for the variable w the Gaussian grid is used
again, while for the variable s the new grid is employed). The right-hand site
is alulated with s on the new grid and w on the Gaussian grid.
5.2 Case 2: omplex potential
When the interation has an imaginary part above threshold things get more
ompliated. In a rst step the potential is separated into the ontribution
from the ut on the real axis and the rest:
U(s) = U¯(s)− 1
2 i
∫ ∞
thres2
dw
π
U (+)(w)− U (−)(w)
w − s . (5.7)
The ontribution from U¯ an be treated as before. It is not yet lear how to
treat the integral part of the equation above.
Fig. 5.1 illustrates the situation in the diagonal K¯ K∗ hannel with spin and
isospin zero and positive G-parity. The exat result whih ontributes to the
potential U(s) shows a strong energy dependene at the point where the ut
starts. One the integral in equ. (5.7) is subtrated the potential beomes
almost linear.
The imaginary part of the exat potential for the physial ase of the ex-
hange of a pion between a K-meson and a K¯∗-meson in the u-hannel in
the (IG, S) = (0+, 0) setor is shown in g. 5.2. In the left olumn, s-wave,
the transition amplitude between s- and d-wave and d-wave are displayed.
A disontinuity in the imaginary part for d-wave sattering is expeted to
invalidate a treatment of the imaginary part. For example a nite jump in U
would lead to a logarithmi divergene in the integral (5.4). The imaginary
part is a onsequene of the instability of the K∗ and its possible deay into a
kaon and a pion whih also gives the K∗ it's width. Averaging the imaginary
part over the spetral distribution of the inoming and outgoing vetor par-
tile will make the potential ontinuous again. A spetral distribution ρS(s)
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Figure 5.1: This gure shows the real part of the exat potential (solid blak
line), the imaginary part of the exat potential (solid red line), the real part
of the integral in equ. (5.7) (dashed line) and the dierene of the real parts
(dotted line) in the ase K¯ K∗ → K¯ K∗ with a pion in the u-hannel.
an be found in [29℄. In the proess of averaging another problem arises: the
integral ∫ ∞
(mK+mpi)2
dm21
∫ ∞
(mK+mpi)2
dm22 ρS(m
2
1)ρS(m
2
2)U(s,m
2
1, m
2
2)
inludes a ombination of K∗ masses for whih the ut starts at threshold:
mpi +m1 = s ,
c−(s,m
2
pi, m
2
2) = s ,
where c− is the ontour funtion. At this point (and the point with m1
and m2 interhanged) in the integration, negative powers of the enter of
mass momentum will diverge. These divergenes are integrable if the s-wave
is involved. For the d-wave it is neessary to deform the ontour of both
integrations in the averaging slightly away from the real axis. To do so the
expression for the spetral distribution has to be replaed by some analyti
funtion whih oinides with the non-analyti formula in [29℄ on the real
axis. Expliitly, the formula used is
λ(s) = (s− (mpi +mK)2) · (s− (mpi −mK)2) ,
fR(s) =
1
16 π2
(√λ(s)
2 s
(ln(−m2pi −m2K + s−
√
λ(s) )
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Figure 5.2: This gure shows the imaginary part of the potential in the ase
K¯ K∗ → K¯ K∗ with a pion in the u-hannel. On the right side the potential
was averaged over the spetral distribution of the inoming and outgoing K∗.
The rst row orresponds to T
(1+)
11 , the seond row shows T
(1+)
12 = T
(1+)
21 and
the last row T
(1+)
22 .
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− ln(−m2pi −m2K + s+
√
λ(s) )) + 2
)
,
fI(s) =
i
√
λ(s)
16 π s
,
gR(s) = (s− (mpi +mK)2) · (fR(s)− fR(m2K∗)) ,
gI(s) = (s− (mpi +mK)2) · fI(s) ,
ρK∗ = −i gρN
s
gI(s)
(|gI(m2K∗)|)
· 1
(s−m2K∗ +mK∗gρ(gR(s) + gI(s))/(|gI(m2K∗)|))
· 1
(s−m2K∗ +mK∗gρ(gR(s)− gI(s))/(|gI(m2K∗)|))
, (5.8)
with gρ = 0.051 GeV and N a onstant to normalize the integral over this
expression to unity. Compared to the expression give in [29℄, the formula
above ontains an additional fator 1/s whih makes the spetral funtion
normalizable and thus allows to drop the uto used in the original work.
The result of the imaginary part of the potential with this spetral distribu-
tion is shown in the right olumn of g. 5.2.
Using the spetral average also means hanging the K¯ K∗ threshold to 2mK+
mpi. In the region between this new threshold and the nominal threshold the
potential develops additional imaginary ontributions, for example from the
exhange of an η in the u-hannel but also from the exhange of a rho-meson.
The alulations for the exhange of a pion have already proven to be tedious,
averaging the exhange of a partile with width like the rho-meson is beyond
the sope of this work. Therefore the pseudosalar exhange proesses will
not be onsidered in the following.
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Chapter 6
Results
In the setors with isospin or strangeness larger than one no resonanes are
generated. The remaining setors will be disussed in the following. Close
to a resonane the sattering amplitude behaves like
Tab(
√
s) = − s
M M¯
g1g2MR√
s−mR + iΓ/2 . (6.1)
In the ase of bound states the width Γ vanishes. To analyze the sattering
amplitude in more details the absolute value of the derivative of the sattering
amplitude with respet to energy,
∣∣∣∣∣d Tab(
√
s)
d
√
s
∣∣∣∣∣ . (6.2)
is used in the alulations. Close to a resonane this will be tted to the
orresponding expression obtained from equ. (6.1) to evaluate the position
MR, width Γ and oupling onstants gi of a state. In the ase of a bound
state the inverse is used.
6.1 Results for Weinberg-Tomozawa Interation
In a rst step the results will be disussed in the ase when only the Weinberg-
Tomozawa interation is onsidered and the xipansion is performed to rst
order. S- and d-wave will be onsidered.
6.1.1 (I, S) = (1
2
, 1)
Fig. (6.1) shows the real and the imaginary part of the sattering amplitude
for (IG, S) = (1
2
, 1). The dominant eet is a narrow resonane that has a
mass of 1.233 GeV and a width of 4 MeV. The oupling onstants as dened
47
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Figure 6.1: This gure shows the amplitudes for (IG, S) = (1
2
, 1) when only
the Weinberg-Tomozawa interation is onsidered. The left olumn show the
real part, the seond olumn the imaginary part of the sattering amplitude.
The rst row orresponds to the s-wave, the seond row to to the transition
amplitude between s- and d-wave and the last row to d-wave. The solid blak
line orresponds to the πK hannel, the dashed blak line to ρK, the dotted
blak line to ωK, the solid green line to η K∗ and the dashed green line to
φK.
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Figure 6.2: This gure shows the amplitude for (IG, S) = (0+, 0), the K¯ K∗
hannel, when only the Weinberg-Tomozawa interation is onsidered. The
left gure shows the real part, the right gure the imaginary part of the
sattering amplitude. The solid line orresponds to the s-wave, the dashed
line to to the transition amplitude between s- and d-wave and the dotted line
to d-wave.
in equ. (6.1) are
wave πK∗ ρK ωK ηK∗ φK
mass width s 0.35 3.1 0.41 2.1 0.58
1.233 GeV 4 MeV s− d 0.22 2.4 0.34 1.4 0.37
d 0.14 1.8 0.27 0.88 0.24
. (6.3)
This resonane orresponds to the K1(1270) whih has a width of 90 MeV.
As in [15℄ the ρK and the η K∗ hannels are dominant, but here the binding
energy is higher. This also explains the small width: the resonane position
is near the ρK and the ωK threshold. With those to hannels losed, the
width gets to small.
When only the s-wave is onsidered as in [15℄ the position and width turn
out to be 1.216 GeV and 5 MeV respetively.
In the amplitudes that are not dominated by the K1(1270) one an also see
a weak signal of the K1(1400). Aording to the PDG this state has a width
of 174 MeV. A quantitative analysis will be avoided.
6.1.2 (IG, S) = (0+, 0)
In this one hannel problem there is a bound state with a mass of 1348
MeV. The oupling onstants are 3.6, 2.5 and 1.7 for s-wave, the transition
between s- and d-wave and for d-wave respetively. The state orresponds
to the f1(1285) whih ame out at a higher mass in [15℄. When the d-wave
ignored, the binding is again slightly higher, leading to a mass of 1336 GeV.
50 CHAPTER 6. RESULTS
-1000
-500
0
500
1000
1500
0
500
A
m
pl
itu
de
 [G
eV
]
-1000
-500
0
0.8 1 1.2 1.4 1.6
-250
0
250
1 1.2 1.4 1.6
Energy [GeV]
250
500
750
Figure 6.3: This gure shows the amplitudes for (IG, S) = (0−, 0) when
only the Weinberg-Tomozawa interation is onsidered. The left olumn
shows the real part, the seond olumn the imaginary part of the sattering
amplitude.The rst row orresponds to the s-wave, the seond row to to the
transition amplitude between s- and d-wave and the last row to d-wave. The
solid line orresponds to the π ρ hannel, the dashed line to η ω, the dotted
line to K¯ K∗ and the dash-dotted line to η φ.
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6.1.3 (IG, S) = (0−, 0)
In this setor there are two lear signals. The one at higher energies has the
properties
wave π ρ η ω K¯ K∗ η φ
mass width s 1.4 2.5 6.4 3.6
1.225 GeV 85 MeV s− d 1.1 2.0 4.8 2.3
d 0.94 1.6 3.6 1.5
. (6.4)
The other signal lies on top of the π ρ-threshold at 908 MeV and is dominated
by the π ρ and the K¯ K∗ hannel. The PDG [30℄ lists the h1(1170) with a
width of 360 MeV and the h1(1380) with a width of 90 MeV. These two
resonanes already were overbound in the previous alulations [15℄, this
problem has even worsened.
6.1.4 (IG, S) = (1+, 0)
In the (IG, S) = (1+, 0) setor the PDG lists the b1(1235) with a width of 142
MeV. In the alulated spetrum a resonane with the following properties
are found:
wave π ω π φ η ρ K K¯∗
mass width s 1.0 1.6 2.7 5.0
1.304 GeV 92 MeV s− d 0.81 0.97 2.2 3.4
d 0.64 0.72 1.7 2.3
. (6.5)
This is a good plae to pause and take a look at the inuene of the pa-
rameters of the model. The following table lists the results when a single
parameter is hanged to the value indiated in the rst olumn.
Scenario mass[ GeV] width[MeV] wave π ω π φ η ρ K K¯∗
only s− wave 1.265 114 s 1.1 1.8 3.0 5.7
s 1.4 1.5 2.4 5.2
bD = 0.92 1.338 90 s− d 1.1 0.84 1.9 3.5
s 0.83 0.52 1.5 2.4
s 1.7 1.6 3.5 6.4
gD = 0.5 1.259 147 s− d 1.3 0.96 3.0 4.6
s 1.0 0.61 2.5 3.4
s 1.2 1.8 3.2 5.9
gF = −0.5 1.259 112 s− d 0.94 1.1 2.7 4.2
s 0.74 0.72 2.3 3.1
s 1.2 1.8 3.1 5.6
ΛS = 1.8GeV 1.265 113 s− d 0.93 1.1 2.5 3.8
s 0.74 0.71 2.0 2.6
(6.6)
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Figure 6.4: This gure shows the amplitudes for (IG, S) = (1+, 0) when only
the Weinberg-Tomozawa interation is onsidered. The left olumn shows the
real part, the seond olumn the imaginary part of the sattering amplitude.
The rst row orresponds to the s-wave, the seond row to to the transition
amplitude between s- and d-wave and the last row to d-wave. The solid line
orresponds to the π ω hannel, the dashed line to π φ, the dotted line to η ρ
and the dash-dotted line to K¯ K∗.
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Figure 6.5: This gure shows the amplitudes for (IG, S) = (1−, 0) when only
the Weinberg-Tomozawa interation is onsidered. The left olumn show the
real part, the seond olumn the imaginary part of the sattering amplitude.
The rst row orresponds to the s-wave, the seond row to to the transition
amplitude between s- and d-wave and the last row to d-wave. The solid line
orresponds to the π ρ hannel and the dashed line to K¯ K∗.
Again, omitting the d-wave lowers the mass of the resonane. With about
40 MeV the eet is larger than the 15 MeV found in the hannels disussed
previously. Even so the mass is lowered, the width is inreased.
Setting bD = 0.92 shifts the mass away from its physial value without hang-
ing the width. The values 0.5 and -0.5 for gD and gF both have an idential
eet of the mass, but the width is inreased further by the hange in gD, re-
eting a stronger oupling to the lightest hannel. An inrease of the upper
bound of the xipansion by 100 MeV has an eet very similar to the hange
of gF listed above.
6.1.5 (IG, S) = (1−, 0)
In the (IG, S) = (1−, 0) setor the PDG lists the a1(1260) with a width
of 250-600 MeV. Between the two thresholds at 908 MeV and 1390 MeV a
struture an be seen. A quantitative analysis is not possible and will be
avoided. A detailed disussion on the nature of the a1 in the framework of
oupled-hannels an be found in [31, 32℄.
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In summary the previous results [15℄ an be reprodued in the new formalism.
The approximation to omit the kinematially suppressed d-wave turns out
to be justied, as expeted from physial reasons.
6.2 Results for the full interation
In this setion the results will be disussed in the ase when the full intera-
tion (exept the pseudosalar u-hannel) is taken into aount.
6.2.1 (IG, S) = (1+, 0): the b1(1235)
In this setor there is a lear signal of the b1(1235). The PDG lists it with a
mass of 1229.5± 3.2 MeV and a width of 142± 9 MeV [30℄. In the previous
work [19℄ the values gD = 0.7 and gF = −2.8 were neessary to reprodue
the experimental value for this resonane that ame out 100 MeV to heavy
and was also to broad.
In a rst step the results will be disussed when only s-wave and the zeroth
order in the xipansion is onsidered. This means that all ontributions that
are not aused by uts inside the xipansion area will be set to their value
at the xipansion point
1
2
(m +M + m¯ + M¯), i.e. onstant. When only the
Weinberg-Tomozawa interation is onsidered, the moleule omes out at a
too high energy, just like as in [19℄. The struture overlaps with the K K¯∗
threshold. Adding the t- and u-hannel has very little eet on the amplitude.
One the s-hannel is added, the resonane is gone. To undo this repulsive
eet and bring the resonane down to its physial value, large values for the
ounter-terms are neessary: gD = 4.15 and gF = −5.75. This will lead to
the amplitudes shown in g. 6.6.
Sine K K¯∗ is the dominant hannel it will be disussed in a little more
detail. Without the u-hannel there is no ut inside the xipansion region
and therefor the potential is onstant. The size of the ontributions is the
following:
WT bD gD gF S − ch T − ch U − ch
70.4 18.0 58.6 −19.5 −143 0.0007 −3.0 , (6.7)
where the units are GeV and for example gD indiates the value 58.6 GeV for
the ounter term with gD = 4.15. The extremely small value for the t-hannel
is aused by a root in the exat potential near the xipansion point. The table
above shows that the s-hannel reverses the eet of the Weinberg-Tomozawa
interation whih is why the ounter terms have to take suh large values
1
.
1
For the s-hannel there are two vetor-vetor-pseudosalar verties present resulting
in a total of four diagrams. In the K K¯∗ hannel they all add up oherently, explaining
the large ontribution.
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Figure 6.6: This gure shows the amplitudes for (IG, S) = (1+, 0) when the
full tree level sattering amplitude in equ. (3.10) (exluding the pseudosalar
u-hannel) is onsidered to zeroth order in the xipansion. The upper graph
orresponds to the real part of the amplitude while the lower one shows the
imaginary part. The solid line orresponds to the π ω hannel, the dashed
line to π φ, the dotted line to η ρ and the dash-dotted line to K¯ K∗.
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Figure 6.7: This gure shows the amplitudes for (IG, S) = (1+, 0) when the
full tree level sattering amplitude in equ. (3.10) (exluding the pseudosalar
u-hannel) is onsidered to rst order in the xipansion. The upper graph
orresponds to the real part of the amplitude while the lower one shows the
imaginary part. The solid line orresponds to the π ω hannel, the dashed
line to π φ, the dotted line to η ρ and the dash-dotted line to K¯ K∗.
The situation hanges when the rst order of the xipansion is inluded. The
result for Weinberg-Tomozawa was already presented, with a mass of 1.304
GeV it was almost 70 MeV above the physial value. To reprodue the physi-
al mass and width, the parameters gD = 0.7 and gF = 2.8 were neessary in
[19℄. These values are a good starting point for the t in the present senario.
Here the b1 an be reprodued with the values gD = 0.8 and gF = −3.56, the
result is shown in g. 6.7.
The ontributions to the most important proess K K¯∗ → K K¯∗ are illus-
trated in g. 6.8.
In summary the results are
Scenario gD gF mass[GeV] width[MeV] π ω π φ ρ η K K¯
∗
xiorder 0 4.15 −5.75 1.230 135 1.8 0.73 4.4 6.9
xiorder 1 1.9 1.8 4.3 6.9
s + d wave 0.8 −3.56 1.231 138 3.2 2.1 6.1 8.7
6.0 2.4 8.6 11.2
[19] 0.7 −2.8 1.230 142 2.1 1.0 2.3 4.2
.(6.8)
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Figure 6.8: This gure shows the amplitudes for the proess K K¯∗ → K K¯∗
with (IG, S) = (1+, 0) using the ounter terms speied in 6.8. The rst
row shows the Weinberg-Tomozawa interation (left) and the term whih
is multiplied by bD, the seond line shows the interations multiplied by
gD and gF (with the tted value of equ. 6.8), the third line shows the s-
and t-hannel ontributions to the potential and the last line illustrates the
u-hannel. Solid lines orrespond to the xipanded potential atually used
while the dashed lines indiate the exat potential without xipansion. The
xipansion point is theK K¯∗ threshold at 1.39 GeV, the potential is not needed
below that point.
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Figure 6.9: This gure shows the amplitudes for (IG, S) = (1+, 0) when the
full tree level sattering amplitude in equ. (3.10) (exluding the pseudosalar
u-hannel) is onsidered to rst order in the xipansion. The upper graph
orresponds to the real part of the amplitude while the lower one shows the
imaginary part. The solid line orresponds to the π ω hannel, the dashed
line to π φ, the dotted line to η ρ and the dash-dotted line to K¯ K∗.
The size of the ounter terms is only reasonable (and in line with [19℄) when
the rst order of the xipansion is onsidered. The open π φ hannel plays a
more important role when all heliities and the rst order of the xipansion are
onsidered while the dominant deay hannel π ω remains almost unhanged
ompared to the previous work [19℄.
6.2.2 (I, S) = (12, 1): the K1(1270)
In this setor the previous work [15℄ found two resonanes, the K1(1270)
whih has a width of 90 MeV and the K1(1400) with a width of 174 MeV. In
the more detailed analysis [19℄ the oupling onstants of the ounter terms
had to be set to gD = 0.2 and gF = −0.1. Fig. 6.10 shows the result when
these two ouplings are set to zero. A lear signal an be seen lose to the
nominal ρK threshold at 1.266 GeV and the nominal ωK threshold at 1.278
GeV. The width of the ρ meson will have a onsiderable eet on the width of
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Figure 6.10: This gure shows the amplitudes for (IG, S) = (1
2
, 1) when all
interations exept the pseudosalar exhanges are onsidered. The ouplings
of the ounter-terms, gD and gF are put to zero. The left olumn show the
real part, the seond olumn the imaginary part of the sattering amplitude.
The rst row orresponds to the s-wave, the seond row to to the transition
amplitude between s- and d-wave and the last row to d-wave. The solid blak
line orresponds to the πK hannel, the dashed blak line to ρK, the dotted
blak line to ωK, the solid green line to η K∗ and the dashed green line to
φK.
the resonane, therefore we will not try to t the resonane alulated with
sharp masses to the data more aurately. Nevertheless it is enouraging
that the result with all interations and no ounter terms losely resembles
the result of [15℄ whih agreed well with experimental data one the width
of the vetor mesons was taken into aount (see g. 2 in [15℄).
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Chapter 7
Summary and Outlook
In this work we studied the sattering of the lightest otet of pseudosalar
mesons, the pion, the K-meson and the eta, o the nonet of vetor mesons
whih inludes the ρ meson. A formalism based on a non-linear integral equa-
tion is used to ompute sattering amplitudes. Solutions of the non-linear
integral equations omply with onstraints set by ausality and unitarity.
The main input into this equation are pretreated tree-level sattering am-
plitudes that were derived in the following steps: an interation Lagrangian
based on hiral and large Nc arguments was utilized to alulate the tree level
amplitudes. It inluded the Weinberg-Tomozawa interation, three ounter
terms and the exhange of vetor mesons in the s-, t- and u-hannel. The
exhange of pseudosalar mesons was not onsidered in the nal alulation
beause of tehnial hallenges. It was illustrated how these issues an be
mastered in priniple but the atual alulation was beyond the sope of this
work.
The tree level amplitudes were then partial-wave projeted and extrapolated
to higher energies based on the knowledge of their analyti struture. These
modied potentials dene the input of the non-linear integral equations.
In a rst step, the spetrum was alulated for the Weinberg-Tomozawa
interation only and ompared to the previous results. The inuene of the
ounter terms and the order of the analytial extrapolation of the sattering
amplitude were addressed. Then the spetrum for the full interation was
disussed in setors of partiular interest. Counter-terms were adjusted to
reprodue the mass and width of the b1(1235) exatly. In addition, the
K1(1270) was investigated in more detail. Its mass is reovered in the absene
of any ounter term. This is in onit with the signiant size of the ounter
terms obtained from the study of the b1(1235). We take this asymmetry as
a onsequene of the absene of the pseudosalar u-hannel.
The most obvious extension of this work is the inlusion of these pseudosalar
exhange proesses. One possible way to ahieve this has already been dis-
ussed, but improvements are desirable, espeially to keep the neessary
CPU-time in reasonable limits. Inluding these proesses we expet that a
reliable omputation of the D/S ratios in the deays of the axial resonanes
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is feasible.
Another interesting possibility is the inlusion of vetor-vetor and pseudosalar-
pseudosalar hannels. From a formal point of view these hannels an be
treated analogously. The partial wave projetion will beome more tedious.
With all these hannels inluded it is interesting to alulate resonanes with
other spin and parity than just 1+ with relatively little additional eort.
In summary the formalism employed in this thesis reprodues the measured
spetrum and previous results within reasonable limits. It also allows to use
a more realisti interation and to inlude more hannels in a onsistent way
so that in future works more physial systems beome aessible as well as a
wider variety of observables.
Appendix A
The invariant amplitude
In this appendix we give expliit expressions for the G's whih result from
the partial-wave projetion of equ. (3.10). Only non-vanishing G's are shown
with one exeption: if G3 does not vanish, then G4 is the hermitian onjugate
(inoming and outgoing masses interhanged) unless displayed expliitly.
A.1 The 4-point verties
The invariant amplitudes for the ontat interations are given by
G1 =
CWT
4 M¯ M f 2
(
(m¯2 − s + 1
2
(M2 + M¯2 − t))M2
+(m2 − s+ 1
2
(M¯2 +M2 − t))M¯2
)
−gDCD + gFCF
32 f 2M¯ M
(
m2 + m¯2 − t
) (
M2 + M¯2 − t
)
− bDCχ
16 f 2M¯ M
(
M2 + M¯2 − t
)
, (A.1)
G3 =
CWTM
2 f 2 M¯
, (A.2)
G5 = −
CWT
(
M2 + M¯2
)
4 f 2M¯ M
+
gDCD + gFCF
16 f 2M¯ M
(
m2 + m¯2 − t
)
+
bDCχ
8 f 2M¯ M
. (A.3)
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A.2 The Pseudosalar s-hannel Exhange
For the s-hannel exhange of a pseudosalar meson the invariant amplitudes
are given by
G2 = −
(
mV hP
2 f 2
)2
C
(x)
s−chM¯ M
s−m2x
. (A.4)
A.3 The Pseudosalar u-hannel Exhange
For the u-hannel exhange of a pseudosalar meson the invariant amplitudes
are given by
G2 = −
(
mV hP
2 f 2
)2
C
(x)
u−chM¯ M
u−m2x
, (A.5)
G3 =
(
mV hP
2 f 2
)2
C
(x)
u−chM¯ M
u−m2x
, (A.6)
G5 = −
(
mV hP
2 f 2
)2
C
(x)
u−chM¯ M
u−m2x
. (A.7)
A.4 The s-hannel Vetor Exhange
The exhange of a vetor meson in the s-hannel has several ontributions.
The interation labeled (11) results in the following invariant amplitudes:
G1 =
C
(11,x)
s−ch h
2
A
4 f 2 M¯ M m2x
(
−m2x (p·p¯)(M2 + M¯2 +m2x + s)
+
(
m2x (w·p¯) (w·p)− M¯2M2 ((w·p¯) + (w·p)− s)
)
+
1
(m2x − s)
{
(M¯2 +m2x) (M
2 +m2x) (m
2
x (p·p¯)− (w·p¯) (w·p))
})
,(A.8)
G2 = − C
(11,x)
s−ch h
2
A
4 f 2 M¯ M m2x
((
(M¯2M2)−m2x (p·p¯)
)
+
1
(m2x − s)
{
(M¯2 +m2x) (M
2 +m2x) (p·p¯)
})
, (A.9)
G3 =
C
(11,x)
s−ch h
2
A
4 f 2 M¯ M m2x
((
M¯2M2 −m2x (w·p)
)
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+
1
(m2x − s)
{
(M¯2 +m2x) (M
2 +m2x) (w·p)
})
, (A.10)
G5 =
C
(11,x)
s−ch h
2
A
4 f 2 M¯ M
((
M¯2 +M2 +m2x + s
)
− 1
m2x − s
{
(M¯2 +m2x) (M
2 +m2x)
})
. (A.11)
The interation labeled (12) results in the following invariant amplitudes:
G1 =
C
(12,x)
s−ch bA hA
f 2 M¯ M m2x
((
m2x (p·p¯) + M¯2 (w·p)
)
− 1
m2x − s
{
(M¯2 +m2x) (m
2
x (p·p¯)− (w·p¯) (w·p))
})
, (A.12)
G2 =
C
(12,x)
s−ch bA hA
f 2 M¯ M m2x
1
m2x − s
{
(M¯2 +m2x) (p·p¯)
}
, (A.13)
G3 = −C
(12,x)
s−ch bA hA
f 2 M¯ M m2x
1
m2x − s
{
(M¯2 +m2x) (w·p)
}
, (A.14)
G4 = −C
(12,x)
s−ch bA hA
f 2 M¯ M m2x
(
M¯2 +
1
m2x − s
{
(M¯2 +m2x) (w·p¯)
})
, (A.15)
G5 =
C
(12,x)
s−ch bA hA
f 2 M¯ M m2x
(
−m2x
+
1
m2x − s
{
(M¯2 +m2x)m
2
x
})
. (A.16)
(A.17)
The invariant amplitudes for the (21) interation an be derived from those
for the (12) interation by interhanging inoming and outgoing partiles,
C(12,x) and C(21,x) and nally G3 and G4.
The interation labeled (22) results in the following invariant amplitudes:
G1 =
4 b2AC
(22,x)
s−ch
f 2 M¯ M m2x
m2x (p·p¯)− (w·p¯) (w·p)
m2x − s
, (A.18)
G2 = − 4 b
2
A C
(22,x)
s−ch
f 2 M¯ M m2x)
(p·p¯)
m2x − s
, (A.19)
G3 =
4 b2AC
(22,x)
s−ch
f 2 M¯ M m2x
(w·p)
m2x − s
, (A.20)
G5 = − 4 b
2
A C
(22,x)
s−ch
f 2 M¯ M m2x
m2x
m2x − s
. (A.21)
(A.22)
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A.5 The t-hannel Vetor Exhange
For the t-hannel exhange of a vetor meson the invariant amplitudes are
given by the sum of two ontributions, the rst one being
G1 =
3C
(x)
t−chhPhVm
2
V
8 f 2M¯ M
( (
m2x + s− u
)
+
1
t−m2x
{
m4x +m
2
x(s− t− u) + (m2 − m¯2)(M2 − M¯2)
})
, (A.23)
G3 =
3C
(x)
t−chhPhVm
2
V
2 f 2M¯ M
−M2
t−m2x
, (A.24)
G5 =
3C
(x)
t−chhPhVm
2
V
4 f 2M¯ M
(
1 +
1
t−m2x
{
2 s+m2x −m2 − m¯2
})
, (A.25)
and the seond one
G1 =
C
(x)
t−chhP h˜V
8 f 2M¯ M
(M2 + M¯2)
( (
m2x + s− u
)
+
1
t−m2x
{
m4x +m
2
x(s− t− u) + (m2 − m¯2)(M2 − M¯2)
})
, (A.26)
G3 = −C
(x)
t−chhP h˜V
2 f 2M¯ M
(
M2 +
1
t−m2x
{
M2M¯2 +M2m2x
})
, (A.27)
G5 =
C
(x)
t−chhP h˜V
4 f 2M¯ M
( (
M2 + M¯2
)
+
1
t−m2x
{
m2x(M
2 + M¯2)− (m2 − m¯2)(M2 − M¯2) + 2 M¯2M2
})
.(A.28)
A.6 The u-hannel Vetor Exhange
The exhange of a vetor meson in the u-hannel has several ontributions.
The interation labeled (11) results in the following invariant amplitudes:
G1 =
C
(11,x)
u−ch h
2
A
16 f 2M¯ M m2x
(
−m6x +m4x(m¯2 +m2 − 2 s− u)
+m2x((M
2 + M¯2)(M2 + M¯2 − 2 s) + u (m2 + m¯2 − 2 s)
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+m2M¯2 +m2m¯2 +M2m¯2)
+M¯2M2(u+m2 + m¯2 − M¯2 −M2)
+
1
u−m2x
{
(M¯2 +m2x)(M
2 +m2x)((M
2 − m¯2)(M¯2 −m2)
+m2x(m
2 +M2 + m¯2 + M¯2 − 2 s−m2x))
})
, (A.29)
G2 =
C
(11,x)
u−ch h
2
A
8 f 2M¯ Mm2x
(
m4x +m
2
x
(
2M2 + 2 M¯2 − t
)
−M2M¯2
+
1
u−m2x
{
(M¯2 +m2x)(M
2 +m2x)(s+m
2
x −m2 − m¯2)
})
, (A.30)
G3 =
C
(11,x)
u−ch h
2
A
8 f 2M¯ Mm2x
(
m2x
(
m2 +M2 − s
)
+
1
u−m2x
{ (
m4x +M
2m2x + M¯
2m2x +M
2M¯2
) (
m2 +M2 − s
) })
,(A.31)
G5 =
C
(11,x)
u−ch h
2
A
8 f 2M¯ Mm2x
( (
M2M¯2 +m2x
(
m2x + s+ u
))
− 1
u−m2x
{ (
m4x +M
2m2x + M¯
2m2x +M
2M¯2
)
·
(
M2 + M¯2 −m2x − s
) })
. (A.32)
The interation labeled (12) results in the following invariant amplitudes:
G1 = − C
(12,x)
u−ch hAbA
4 f 2M¯ M m2x
(
−m4x +m2x(m2 +M2 + m¯2 − 2s− u)
+M¯2(M¯2 −m2 −M2 − u+ m¯2)
+
1
u−m2x
{
−m6x +m4x(m2 +M2 + m¯2 − 2 s)
+m2x(M¯
4 −m2M2 +m2m¯2 +m2M¯2 + 2M2M¯2 − 2 M¯2s)
+M¯2(M2 − m¯2)(M¯2 −m2)
})
, (A.33)
G2 = − C
(12,x)
u−ch hAbA
2 f 2M¯ M m2x
( (
M¯2 +m2x
)
+
1
u−m2x
{ (
M¯2 +m2x
) (
−m2 − m¯2 +m2x + s
) })
, (A.34)
G3 = − C
(12,x)
u−ch hAbA
2 f 2M¯ M m2x
1
u−m2x
{ (
M¯2 +m2x
) (
m2 +M2 − s
) }
, (A.35)
G4 =
C
(12,x)
u−ch hAbA
2 f 2M¯ M m2x
(
2 M¯2
+
1
u−m2x
{
(M¯2 +m2x)(s− M¯2 − m¯2)
})
, (A.36)
68 APPENDIX A. THE INVARIANT AMPLITUDE
G5 =
C
(12,x)
u−ch hAbA
2 f 2M¯ M m2x
(
−
(
M¯2 +m2x
)
+
1
u−m2x
{ (
M¯2 +m2x
) (
M2 + M¯2 −m2x − s
) })
. (A.37)
The invariant amplitudes for the (21) interation an be derived from those
for the (12) interation by interhanging inoming and outgoing partiles,
C(12,x) and C(21,x) and nally G3 and G4.
The interation labeled (22) results in the following invariant amplitudes:
G1 =
C
(22,x)
u−ch b
2
A
f 2M¯ M m2x
(
−m2 +M2 − m¯2 + M¯2 −m2x + u
+
1
u−m2x
{
−m4x +m2x(m2 +M2 + m¯2 + M¯2 − 2s)
+(M2 − m¯2)(M¯2 −m2)
})
, (A.38)
G2 =
2C
(22,x)
u−ch b
2
A
f 2M¯ M m2x
(
1 +
1
u−m2x
{
−m2 − m¯2 +m2x + s
})
, (A.39)
G3 =
2C
(22,x)
u−ch b
2
A
f 2M¯ M m2x
1
u−m2x
{
m2 +M2 − s
}
, (A.40)
G5 = − 2C
(22,x)
u−ch b
2
A
f 2M¯ M m2x
(
1 +
1
u−m2x
{
M2 + M¯2 −m2x − s
})
. (A.41)
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